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Based on the tight binding method with hopping integral between the nearest-neighbor atoms, 
an oscillator strength J ALuYie(j{Lj) is discussed for armchair and metallic zigzag carbon nan- 
otubes. The formulae of the oscillator strength are derived for both types of nanotubes and are 
compared with the result obtained by a linear chain model. In addition, the doping dependence 
is investigated in the absence of Coulomb interaction. It is shown that the oscillator strength of 
each carbon nanotube shows qualitatively the same doping dependence, but the fine structure 
is different due to it's own peculiar band structure. Some relations independent of the radius of 
the tube are derived, and a useful formula for determining the amount of doping is proposed. 
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A carbon nanotube. (CN) is composed of a coaxially 
rolled graphite sheet .Id^ The materials are characterized 
by two integers, (iV+, N_), corresponding to a wrapping 
vector along the waist, w = N^a^ + N^d_, where a+ 
and a_ are primitive lattice vectors of the graphite and 
\a±\ = a. It has beerLshown that the CN's have pe- 
culiar band structures.B&D^ When N+ — N- = mod 
3, the metallic one-dimensional (ID) dispersions appear 
near the center of the bands. The low energy properties 
less than vq/R {vq ■ Fermi velocity, R : radius of the 
tube ) is describedp-hyJaking account of only the metal- 
lic ID dispersionsE'BEl'&B' Correlation effects obtained 
by such a treatment have been observed in the transport 
experiment. tj^ 

Carrier doping to CN's has been done by doping the 
electron-donor {e.g., potassium, .ru.bi|diiim) or electron- 
acceptor {e.g., iodine, bromine) .tilllBEj-llil) It has been 
experimentally observed that the doping changes the 
properties of CN's. In bundles of single wall CN's, 
bromine and potassium doping decrease the resistivity at 
300K up to a factor of 30, and enlarge the region whece 
the temperature coefhcient of resistance is positivc.tll' 
The similaij-behavior is observed in a potassium-doped 
single ropeO Change of the Ramann spectra has been 
observed pin the bundles of CN's with doping of K, Rb 
and Br2.li3' Enhancement of spin susceptibility due to 
potassium-doping has been also reported. Ej^ As an an- 
other method for doping, a downward shift of the Fermi 
level due to the gold substrateJias been reported by scan- 
ning tunneling spectroscopy.E3) 

The oscillator strength dujRea{uj), where <t{uj) is 
the optical conductivity, is closely related to the amount 
of carrier. Irrespective of the presence of the mutual 
interaction, as far as the kinetic energy is expressed by 
the quadratic dispersion, the oscillator strength is given 



as follows. 



du!Jiea{uj) 
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where n and m are the electron density and the mass, 
respectively. On the other hand, the oscillator strength 
is different from eq. (|l|) in the case of tight binding mod- 
elsO As the simplest system, we consider a linear chain 
model with the nearest neighbor hopping, ti,,;+i, whose 
kinetic energy is given by T = - Sj.si^^i+ifLci+i^s -|- 
h.c.}. The oscillator strength is calculated as}}3 



dLuRea{uj) = — (T) , 



(2) 
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where is the number of the lattice sites, d is a lattice 
spacing and (• • •) is the thermal average. The quantity, 
(T) , is not proportional to the electron density. For ex- 
ample, in case of = t without the mutual interac- 
tion, eq.(||) reduces to 2e^tdsin(7rdn/2) at the absolute 
zero temperature. The difference between eqs.(0) and 
(^) with respect to carrier dependence results from dis- 
tinction of their band structures. 

It is obvious that the quantities for the high energy 
scale such as the oscillator strength cannot be described 
by the theory in which only the metallic dispersions are 
taken into account. Ando has been calculated the optical 
conductivity of CN's by using the effective mass theory, 
which is valid for the energy scale less than i;o/a.ll2P He 
predicted that the absorption edge is shifted to the higher 
energy side due to Coulomb interaction, which has been 
observed in the recent experiment JlS-* Thus the effective 
mass theory succeeds in describing the low energy physics 
very well. However, it is questionable whether the theory 
is effective for discussing the oscillator strength and it's 
dependence on the amount of the carrier. 

In the present paper, using the tight binding method, 
we derive the formulae of the oscillator strength of 
{N, N) armchair CN's and metaUic {N, 0) zigzag CN's. 
The formulae are compared with the result of the lin- 
ear chain model, eq.(p|). In addition, the doping depen- 
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dence of the oscillator strength is discussed in detail0) 
in the absence of Coulomb interaction. We take a unit 
of ?i = c = 1. 

We consider the armchair and zigzag CN's shown in 
Fig.l (a) and (b), respectively. Here the directions of 




Fig. 1. Carbon atoms in armchair nanotubes (a) and zigzag nan- 
otubes (b) where the x axis points along the tube. Here a± are 
two primitive lattice vectors of a graphite, and |a±| = a. The 
hexagon shown by the thick line is the unit cell and the black 
(white) circle denotes the sublattice p = +(—). 



the tube and of the waist are denoted as x and y, re- 
spectively. An electric field is applied to the x-direction. 
The kinetic energy of the armchair CN, , in the 



of A{xi,u), 



I^^{xi) = ie<^ ^a\ .,{fi)a-^s{n - a+) 



yi,s 



51 {a+,s(^Oa-,s(^* 



e^tA{xi, u)a 



+ a^_,.{fi)a+^s{ri+d-) + h.c)^. (4) 
On the other hand, the kinetic energy of the zigzag CN, 
= {-ie--"(^-'")'^/-^aL,,(rl)a+,.(rl) + h.c] 

-te'^^(""")"/^a^,,(r;)a_.,(r; - a+) + /i.e.} 



leads to the current operator 

let 



I^^{x.)^'-^J2{2aljn)a+An) 
+ a'l ,.{fi)a-^siri - a+) + a^_^ ,.{fi)a-^s{fi - a_) - /i.c.j 



e'^tA{xi, u)a 



6V3 

+ a+,s(^i)«-,s(n - a-) + ^-cj 



The current density operator per unit length along 
the waist, j2D{xi), and that per unit area, jsoi^i), 
are given by j^oi^i) = I'^ {x^)/{2^^R) and 
I^{x,)/{nR'^), where R = V37Va/(27r) and R = 
A^a/(27r) for C ^ AN (armchair CN's) and C = ZN 
(zigzag CN's), respectively. 

In order to compare the oscillator strength between the 
linear chain model and the CN, we calculate the oscillator 
strength corresponding to the ID currents, eqs.(4) and 
(6). The diamagnetic component of the current, which is 



presence of the time dependent vector potential along proportional to A{x,u), leads to the oscillator strength 
the x-direction A{x,u), is given as, . 

^k"^ = E {-tal,M)a+An) + h.c.} z^j, - 



(7) 



+ [-~te''^'^--^>'^alAn)a+An + «-) + h.c^ (3) 

where t denotes the hopping integral between the 
nearest-neighbor atoms, and a^p^ri) is the creation oper- 
ator of the electron with spin s at the location, —pd/2 
[p = ±). The electric field is given by —duA{x,u). 

The current operator I^^ {xi) is obtained by differen- 
tiating eq.(3) in terms of A{xi^u). Up to the first order 



where (• • •) expresses the thermal average in the absence 
of the vector potential, and X'-^ (C = AN ^ ZN) are 
defined as. 



(x ) ^ {a+,s(r»)a-,s(n - d+) 
-HaL,,(ri)a+^,(f, + a_) + /i.c.|, (8) 

+ a}+Ari)a-An - a+) + a\Ari)a+.s{ri - a_) + /i.c.j. 



and 
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(9) 

with L being the length of the tube. The oscilla- 
tor strength corresponding to the 2D and 3D current 
densities are given by Z^d = Z^j-,/ {2itK) and = 
Z^ij{uj)/{'kE?). The quantities X^^ and X^^ are, re- 
spectively, not proportional to the kinetic energies eq.(3) 
and eq.(5) in the case of A{x,u) = 0. It is due to the 
fact that the CN is not the linear chain system. 

Now we calculate Z^jj as a function of hole doping, 
6 = 1 — Ne/Nc, where A^e (-^c) is the number of elec- 
trons (carbon atoms), in the absence of Coulomb inter- 
action. In this case, the intensity of the optical conduc- 
tivity exists within the band width, i.e., < lu < 6t. The 
quantities, {X'-^') and 6, are determined by the following 
equations as a function of the chemical potential, /U. For 
armchair CN's, 



27r/a 
2v/a 



(X^^) = ^ / dK. 



(10) 



X E E {/K^"^ - m^^iK) - M)}, (11) 



with 



Z^^{K) =2tcosiK^a/2) 

X ^^^2cos{K^a/2) + cos{KyV3a/2)^ /^-^^ {K), (12) 
^^^{K) = t{l + 4cos^{K^a/2) 

r- \ 1/2 

+4cos(ii:^a/2)cos(ii:yV3a/2)| ,(13) 

where K = {Kx,Ky), Ky = 2TTn/{^/3Na) with n being 
-[N/2], [N/2] for odd N or -N/2, N/2 - 1 for 
even N and /(e) is the Fermi function. On the other 
hand, for zigzag nanotubes, 
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47r/(V3a) 



x^^aZ^^{K)f{ae''{K)-l^), 



(14) 
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dK, 



with 



Z^^{K) = 2t|2 -I- 5cos(ii'^\/3a/2) cosKya/2 

+ 2cos'i^j,a/2}/e^^(i?), (16) 
{K) = t{l + 4cos^{Kya/2) 



r- 1 1/2 

-F4cos(ifya/2)cos(i<'^\/3a/2)| ,(17) 



where Ky = 2Trn/{Na) with n being -[N/2],- ■ ■ , [N/2] 
for odd N or -N/2, N/2 - 1 for even N. Note that 
(K) {±£^^^{K)) are the energy dispersions of the 
armchair (zigzag) CN, and those with Ky = {Ky = 
±27r/3a) can be zero. Hereafter, such dispersions are 
called as center metallic bands. 

Z^j-,/{te'^a) is shown in Fig. 2 as a function of 5 at the 
absolute zero temperature. Z^j-, has a maximum at 




Fig. 2. 



Z^jy in unit of e^ta of (N, N) armchair and (N, 0) zigzag 



CN's as a function of S for the several choices of N. 




Fig. 3. in unit of e'^t of (A^, N) armchair and {N, 0) zigzag 

CN's as a function of S for the several choices of A'^. 



half- filling ((5 = 0): It decreases with increasing \6\ and 
vanishes when the bands are empty or full (6 — 1 or —1) . 
The fine structures are due to the Van Hove singularities 
of the density of states. We find that, within numeri- 
cal accuracy, in the absence of doping (i5 = 0) is 
independent of N and has the same value for the arm- 
chair and zigzag CN's, i.e., Z^^ = Z^g ~ {).%h2e^t as 
is shown in Fig. 3. It seems to be related to the fact that 
the number of the states less than Fermi energy at (J = 



4 
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for the system with the fixed tube length is proportional 
to R and independent of chirality. The doping depen- 
dence, however, differs for each nanotube due to it's own 
peculiar band structure. 

Next, let us consider the doping dependence, AZj^ = 
Zi]j\s=o — Z^jj, in detail. In the case where the chemical 
potential stays at only the center metallic bands, the 
quantities, S and AZ^, can be calculated as follows : 
For armchair CN's, 



A'4 



2Ntt 



(18) 



AZ^j^ = te'^a |V3 - sinX+a/2 - , (19) 

where cosK±a/2 = (±/i/t — l)/2. And for zigzag nan- 
otubes. 



2Nn 



(20) 



AZf^ = 



3V3 



te^a 



2 — sm sm 



(21) 

where cos i4r±\/3a/4 = ±^/(2t). In the case of <C 1, 
eqs.(18)-(21) lead to 



2\/3 



A ^ZN ^ . 2 5iV^7r^ 2 
AZj^P ~ re a —a . 



48%/3 



(22) 
(23) 



Thus, AZ^jj is proportional to and the square of the 
radius of the tube. Then AZ^^ = AZ^jj/{-kR^) is inde- 
pendent of the radius as AZ^g = {te^ / a){2TT^ /i^/?,)5'^ 
and AZ^^ = {te^/a)[b^T^/12^M)5^■ The values of both 
equations are close to each other. The quantity ob- 
tained experimentally is nothing but Z^d because the 
reflectance observed experimentally is related to the op- 
tical conductivity corresponding to the 3D current den- 
sity. Therefore, from the above equations, the amount 
of doping may be well determined even when CN's with 
different chirality and radius coexist if the CN's with 
the another chirality have values close to AZ^^ and/or 

In summary, we have derived the formulae of the oscil- 
lator strength of the armchair and metallic zigzag CN's, 
and compared with the result of the linear chain model. 
Dependence of the oscillator strength on the amount 
of the doping has been calculated in the absence of 
Coulomb interaction. We have found that for half- 
filling is the same irrespective of the type of CN's and 
the radius of the tube. The doping dependence, however, 
are different reflecting their peculiar band structures. It 
is found that is independent of the radius of the 

tube and the values for both CN's are close to each other. 
The relation may be useful for determining the amount 
of doping. Here we compare the present results and those 
by the effective mass theory, which has been used for cal- 
culating the optical conductivity corresponding to the 2D 
current density for half-filling in refjl^. By integrating 
eq.(2.28) in ref .p^ in the absence of Coulomb interaction, 



one obtains Z^u^ — (2e^7)/(27ri?) Y1,k, foi' t^"^ oscillator 
strength for half-filling where Kn = n/R (n = 0, ±1, • • •) 
for metallic CN's and 7 = ^/2>ta/2. In principle, there 
are no upper and lower bounds for the transverse mo- 
mentum K„ in the effective mass scheme. However, the 
number of the allowed transverse momenta is considered 
to be proportional to the radius of the tube if the cut-off 
of the order of is introduced. Then, Z^^^ is inde- 
pendent of the radius, which is qualitatively the same 
as that for the present study. However, there remains 
numerical ambiguity. 

In the present analysis, we have calculated the dop- 
ing dependence in the absence of Coulomb interaction. 
Though eq.(0) is independent of the mutual interaction, 
the oscillator stren£±h_D£l|he tight binding model depends 
on the interaction.E3'tl[c3 Since the long range Coulomb 
intera£ti(m_hfls_be considered to play a crucial roles in 
CN'sBElBiiE3) it's effect should be investigated. 
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